A model for describing barrier tunneling (or other classically forbidden processes) using purely real-valued classical trajectories is presented. The basic idea is to introduce an auxiliary degree of freedom that allows for fluctuations in the potential-energy surface for the original classical degrees of freedom. The model can be applied purely classically or better semiclassically (e.g., via the initial value representation). Numerical results for 1D barrier tunneling are presented to illustrate the model.
I. Introduction
It has been well-appreciated for a long time that the correct semiclassical description of tunneling (or, more generally, "classically forbidden") processes requires classical trajectories that explore complex-valued regions of phase space. [1] [2] [3] [4] [5] [6] For example, in the 1-d WKB approximation for barrier tunneling, the momentum of the particle is imaginary when it is inside the barrier. Recent work by Kay 7 and Heller and co-workers 8, 9 reemphasizes this fact. For practical reasons, however, for example, if one wishes to use classical molecular dynamics to treat systems with many degrees of freedom, one would like to have at least an approximate way of describing tunneling-like phenomena that utilizes only real-valued classical trajectories, within either a fully classical or a semiclassical approach. Several examples of such approaches exist; for example, a model used by Miller and co-workers 10, 11 (which is patterned after Tully and Preston's surface-hopping models for treating electronically nonadiabatic processes 12 ) is a fairly primitive way of describing tunneling processes with only real-valued trajectories, but it has found some utility. [13] [14] [15] [16] [17] [18] [19] Within the semiclassical (SC) initial value representation (IVR), it has also been shown that purely real-valued classical trajectories can describe tunneling processes to a very useful extent. [20] [21] [22] (The very reason the IVR was first introduced, 23 in fact, was to be able to describe classically forbidden vibrationally inelastic scattering with realvalued trajectories.)
The purpose of this paper is to present another family of models for describing tunneling (or any classically forbidden) processes with real-valued classical trajectories; it can be implemented at a fully classical level, as described in section II, or much more accurately using the SC-IVR version of semiclassical theory, as described in section III. Some numerical tests are presented and discussed in section IV.
II. The Model
We illustrate the model by application in this paper to onedimensional barrier transmission, but one can easily imagine how models of this type could be applied more generally. The Hamiltonian of the system we consider is thus of the form where V(R) is a potential barrier in one-dimension, -∞ < R < ∞.
The model we propose was motivated by the McCurdyMeyer-Miller model [24] [25] [26] [27] [28] [29] [30] [31] for describing the electronic degrees of freedom (in electronically nonadiabatic processes) by auxiliary classical variables, but it can be stated more generally and independently of that work. Specifically, we introduce an auxiliary degree of freedom, a harmonic oscillator of unit frequency and mass, with coordinate and momentum operators x and p; if the oscillator is in quantum state n, then because where we use units such that h h ) 1 and |φ n 〉 is the usual eigenstate of the harmonic oscillator, one has the identity The Hamiltonian Ĥ (P , R , p, x) in the expanded, 2D space is now defined by where R is an arbitrary parameter which in principle can take any value. We think of eq 2.4 as the Hamiltonian for a multichannel scattering problem, with R being the scattering (or translational) coordinate and x the coordinate for the bound degree of freedom. It is clear that an exact wave function for eq 2.4 is † Part of the special issue "Bruce Berne Festschrift". * To whom correspondence should be addressed. 5) and with this choice the quantum mechanics resulting from the Hamiltonian 2.4 is identical to that of the original 1D Hamiltonian 2.1, because
Another way to look at eq 2.4 is to rewrite it in the following way:
the last term in the above expression is zero when operating on the wave function defined by eq 2.5 and, therefore, may be thought of as a pseudo "quantum" potential. The classical (or semiclassical) model is now obtained by treating the 2D system classically; i.e., Hamiltonian 2.4 is taken to be a classical Hamiltonian. For definiteness (and also simplicity of application, below), we choose the state n of the auxiliary degree of freedom to be its ground state, n ) 0, so that the classical Hamiltonian of the 2D system becomes To see the effect of the auxiliary degree of freedom at the classical level, we compute the transmission probability using the "classical Wigner" model, i.e., a classical trajectory calculation with initial conditions chosen from the appropriate Wigner distribution function. The Wigner distribution for the ground state of the oscillator degree of freedom is where 0 ) 1 / 2 (p 0 2 + x 0 2 ) and the translational degree of freedom is taken to be a pure momentum state. Because 1 / 2 (p 2 + x 2 ) is a constant of the motion (classically as well as quantum mechanically), a classical particle will be transmitted via the Hamiltonian 2. If the parameter R is chosen to be 1, then (as is clear from eq 2.8) the auxiliary degree of freedom has no effect and eq 2.10 reduces to the classical transmission probability for the original 1D barrier Hamiltonian 2.1. However, for the choice R * 1, one sees (cf. Figure 1 ) that eq 2.12 gives a result that qualitatively mimics the effects of tunneling. As noted above, this comes about because the classical distribution of energy in the auxiliary degree of freedom generates a distribution of barrier heights and, thus, some probability of being transmitted at energies below the 1D barrier height V b (and reflected at energies above the barrier).
So, we have the situation that if the 2D system (with Hamiltonian 2.8) were treated fully quantum mechanically the transmission probability would be the correct quantum value, independent of the parameter R. Treated classically, the transmission probability is not independent of R and, in fact for R * 1, gives a finite transmission probability for E < V b (and also a finite reflection probability for E >V b ).
In the next section, we treat this 2D system, eq 2.8, semiclassically, via the initial value representation.
III. The Semiclassical Initial Value Representation
The SC-IVR approach provides an approximate way for adding quantum effects to classical dynamics. 2, 7, 23, 29, It should thus give a transmission probability for the 2D system (defined by Hamiltonian 2.8) in better agreement with the correct quantum mechanical result than does the classical treatment (eq 2.12) and, thus, which also depends less on the parameter R (because the quantum result is completely independent of R). We briefly summarize the SC-IVR approach below. Figure 1 . Transmission probability given by the classical treatment of the 2D system, eq 2.12, for R ) 0 (solid line), R ) 1 (short-dashed line), and R ) 1.3 (long-dashed line).
The
where N is the total number of degrees of freedom, and |p, q; γ〉 is a coherent state, the wave function for which is Here, (p t , q t ) are the coordinates and momenta at time t that result from the initial conditions (p 0 , q 0 ) and S t is the classical phase along this trajectory and C t is the HK prefactor which involves the various monodromy matrices For the present application, the coordinates and momenta include both the translational degree of freedom, (R, P), and the auxiliary degree of freedom, (x, p), i.e., q ) (R, x) and p ) (R, p).
The transmission probability can be expressed as the long time limit of a time correlation function where with operator Â and B given by
The initial state |Ψ 0 〉 is i.e., the ground state of the auxiliary degree of freedom and a coherent state for translation. For this particular case, the correlation function can also be expressed as If the linearized SC approximation (LSC) 63,69 is applied to the IVR expression for the correlation function, then one obtains the classical Wigner approximation where A w and B w are the Wigner functions corresponding to these operators, for example
IV. Numerical Tests
The test system is chosen to be an Eckart potential 70 with parameters that correspond approximately to the H + H 2 reaction: V b ) 0.425 ev, M ) 1060 au, and a ) 0.734 au. The initial center position for the translational coherent state is R i ) -6.0, with the coherent state parameter γ R ) 0.5; for the auxiliary degree of freedom, γ x ) 1, and these same values for γ are also used for the coherent states in the SC propagator, eq 3.1. The translational coherent state is chosen rather broad in coordinate space so as to be fairly sharp in momentum space. Results are shown below as a function of the energy E ) P i 2 / (2M) corresponding to the center of the translational coherent state. The quantum results were calculated by the split-operator algorithm 71 for this same initial state. Figure 2 shows the results of the SC-IVR calculation (the transmission probability is shown for E < V b and the reflection probability for E > V b ) for several values of the parameter R, R ) 0, 1, 1.3, compared to the correct quantum values. R ) 1 corresponds to not having the auxiliary degree of freedom (cf. eq 2.4), and one sees that including it, i.e., R ) 0 or 1.3, gives better agreement with the quantum results. In particular, R ) 0 shows a very significant improvement and suggests itself as perhaps the "universal" choice. R ) 1.3 gives very good results in the low energy tunneling region but less good results for over-barrier reflection.
For comparison, Figure 3 shows the results of the linearized SC approximation, i.e., the classical Wigner model; this is the same as the classical result discussed in section I except here averaged over the distribution of initial energy in the translational coherent state. One sees that there is much greater dependence on the R parameter than for the SC-IVR results in Figure 2 and, thus, less good agreement with the correct quantum values.
To focus more explicitly on the R-dependence of the SC-IVR results, Figure 4 shows the transmission probability as a function of R for one particular energy, E ) 0.4 V b , fairly far A w (q, p) ) ∫ d∆q e -ip T ‚∆q 〈q + ∆q/2|Â |q -∆q/2〉 (3.12)
N ∫ dq 0 dp 0 A w (q 0 , p 0 )B w (q t , p t ) (3.11)
into the tunneling region, for which the quantum transmission probability is 8 × 10 -4 . To understand these results, as well as those in Figure 2 , one may notice that the range the barrier can fluctuate is dependent on the value of R. For R < 1, the whole potential varies from (1 + R)V/2 to ∞. This sets a lower limit on the tunneling energy. For a given tunneling energy, R should be large enough so the barrier fluctuation range covers it. For R >1 the whole potential varies from -∞ to (1 + R)V/2. Although there is no lower limit on the range the barrier can fluctuate, the weight of each barrier height is affected by the value of R. Therefore, in Figure 4 , the tunneling probability increases when R is away from 1, because more trajectories can pass through the barrier. The semiclassical formulas discussed in this work are derived from the corresponding quantum formulas with the stationary-phase assumption. If the stationary-phase assumption is valid, one would expect the tunneling probability becomes independent of R once the value of R is sufficiently different from 1. For R > 1, one does see the tunneling probability first increases quickly with R, then slows down. For R < 1, Hamiltonian 2.8 overemphasizes the tunneling trajectories, as can bee seen from the classical results shown in Figures 1 and 3 . The final tunneling probability is due to mutual cancellation of contributions from these trajectories, which may result in large statistical errors. Therefore, choices of R > 1 may have certain practical advantages.
Theoretically, the models discussed in the paper can be understood in the following way:
For the bare Hamiltonian 2.1, when the limit p f 0 is taken, only trajectories obeying classical mechanics survive. To give an accurate and unambiguous description of nonclassical tunnelling and over-barrier reflection phenomena, one needs to resort to complex-valued trajectories. In the well-known "instanton" theory, 72 for example, the tunneling path is generated by allowing the system to move along an inverted potential, which is accomplished by using imaginary time and momentum.
For the models discussed in this work, one expands the Hilbert space by adding some fictitious degrees of freedom. The role of this fictitious degree of freedom is to multiply the original bare potential by a varying factor. Therefore, the physical subsystem "feels" not only the original potential but a whole ensemble of potentials with varying barrier height: some are higher than the physical potential, some are lower, and even inverted-"instanton"-like trajectories. In a quite different approach, [73] [74] [75] Takatsuka and co-workers noticed that including only the instanton trajectories is not sufficient to describe tunneling in certain systems. Furthermore, the over-barrier reflection effect and the tunneling effect are described on the same foot in the present approach, which cannot be easily achieved by other semiclassical tunneling theories.
V. Concluding Remarks
In this paper, we have discussed a class of semiclassical models for describing tunneling with real-valued trajectories. Although adding a fictitious degree of freedom is merely a mathematical trick, the underlying physics is to include classical trajectories that are "off the energy shell" of the original bare Hamiltonian into the semiclassical calculation, an effect which has been shown to be essential for describing tunneling with real-valued classical trajectories.
There are several questions remaining open:
The form of the Hamiltonian with one extra degree of freedom is clearly not unique. One may choose different values of R in eq 2.8. One may couple the fictitious degree of freedom to the momentum term instead of the potential term of the bare Hamiltonian 2.1. The question is how sensitive the tunneling probability depends on the Hamilton form and what is the best choice. The tunneling probabilities reported in this paper are averaged over the energy distribution of the initial wave packet. In the work of Grossman and Heller, 8 the tunneling probabilities for definite energy states were calculated from a correlation function. Primitive calculations with this correlation type calculation show that the calculated semiclassical tunneling probabilities with the expanded Hamiltonian eq 2.8 reproduce the analytic quantum results 76 down to a certain energy. Below this critical energy, the results begin to deteriorate. The location of the critical energy varies with the value of R. This supports the idea that it is crucial that the range of fluctuations in the barrier of Hamiltonian 2.8 covers the tunneling energy under study. Further study along this line would be useful. 
